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We investigate the influence of periodically time-modulated cavity frequency on the generation of
atomic squeezed states for a collection of N two-level atoms confined in a non-stationary cavity with
a moving mirror. We show that the two-photon character of the field generated from the vacuum
state of field plays a significant role in producing the atomic or spin squeezed states. We further
show that the maximum amount of persistent atomic squeezing is obtained for the initial cavity
field prepared in the vacuum state.
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I. INTRODUCTION
It is well known that non-classical state of electromagnetic field like squeezed state can be generated from vacuum
in a non-stationary cavity with oscillating wall. This phenomenon of photon generation from vacuum state by non-
adiabatic change in the boundary condition of quantum fields is termed as Dynamical Casimir Effect (DCE). Several
theoretical studies devoted to the generation of photons in a cavity with vibrating wall resulting into harmonic
modulation of the mode frequency have been reported in the literature [1–5]. We also refer to Refs. [6] and [7] for
review on various aspects of DCE. It has been shown that for an ideal cavity (without cavity dissipation) maximum
number of photons are created when the modulation frequency is twice that of unperturbed cavity mode frequency.
Moreover, under this resonance condition the non-classical nature like squeezing property also increases with time.
From experimental point of view the major hurdle in generating photons by DCE lies in realizing vibrating cavity
with frequency of the order of few GHz. Furthermore, the detection of the generated photon requires coupling the
field mode to a detector, which can in turn alter the statistical property of the radiation field significantly due to
back action. In order to investigate the effect of back action on the generated photons, Dodonov and co-workers have
carried out series of studies on the interaction of various model atoms with the field in a cavity with harmonically
modulated mode frequency [2, 8–11]. Interaction of a single two-level atom with quantized electromagnetic field inside
a cavity with time dependent parameters has also been studied in Ref. [12]. Keeping these difficulties in mind recently
two proposals for experimental generation and detection of photons in non-stationary cavities have been reported in
Refs. [13] and [14]. In Ref. [14] authors proposed that cavities with mechanical vibration in the GHz range may be
obtained through a film bulk acoustic resonator (FBAR) [15, 16] made of vibrating aluminium nitride film of thickness
equal to half of the acoustic wavelength. For detection of photons generated in the cavity these authors proposed to
use ultra-cold alkali atoms in their hyperfine states. On the other hand, Ref. [13] explored the possibility of using a
cavity with plasma mirror made from semiconductor slab irradiated by periodic laser pulses for generation of photons
from vacuum state and Rydberg atoms with large values of principal quantum number for detection of these photons.
One of the hallmarks of the photon generated in the non-stationary cavity is the presence of two-photon correlation
as they are generated via two-photon process. It is then natural to explore the possibility of transferring these two-
photon correlations to a collection of atoms to generate so-called correlated atomic squeezed (spin squeezed) states
[17–21] or atomic entangled states. To this end in this paper we study the interaction of N two-level atoms with a
quantized single radiation mode of a non-stationary cavity with harmonically oscillating wall. In particular we focus
our attention on the effect of modulation of the cavity mode frequency due to harmonic oscillation of the cavity mirror
on the squeezing properties of an ensemble of atoms interacting with this cavity mode. Here we wish to note that
dynamics of N-two level atoms in a non-stationary cavity has already been investigated in the context of detection of
photons generated in the cavity [11, 13]. On the other hand, in the present work we concentrate on the generation
of atomic squeezed state in a non-stationary cavity. We should also remark here that several early proposals for
the generation of atomic squeezed states involved transfer of two-photon correlation from radiation mode to the
collection of atoms by using photon-atom interaction [21]. In accordance with this idea the generation of atomic or
spin squeezed state by the transfer of two-photon correlation from multi-mode squeezed vacuum to an ensemble of
atoms have already been reported in the literature [22–25].
Before proceeding further we wish to mention that atomic squeezed states are useful quantum resources to improve
2the precision of measurements in experiments [18, 19, 26, 27] and to study the particle correlations and entanglement
[28–30]. These states have found application in atomic clocks for reducing quantum noise [18, 19, 31–33] and quan-
tum information processing [28, 34–36]. The utility of atomic squeezed states in spectroscopy and meteorology has
motivated us to explore the possibility of generation of these states in a non-stationary cavity. The rest of the paper
is organized in following manner. In section II we give description of the model used in this paper. The results are
presented and discussed in section III and the paper is concluded in section IV.
II. MODEL HAMILTONIAN
In order to study the generation of atomic squeezed or spin squeezed states by DCE we consider a collection of
N two-level atoms interacting with a quantized single mode of radiation field of a cavity with an oscillating wall.
Following Ref. [11], the Hamiltonian for atom plus non-stationary cavity system under rotating wave approximation
is written as ( we use ~ = 1 throughout the paper)
H = ωaJz + ωc(t)a
†a+ g0
(
aJ+ + a
†J−
)
+ iξ(t)(a†2 − a2). (1)
where a and a† are the cavity annihilation and creation operators respectively, satisfying the commutation relation
[a, a†] = 1. The ensemble of N atoms is described using the picture of a collective spin operators Jz =
∑N
i (|ei〉〈ei| −
|gi〉〈gi|), J+ =
∑N
i |ei〉〈gi|, and J− =
∑N
i |gi〉〈ei|, where |ei〉 and |gi〉 represent the excited and the ground states
of the ith two-level atom, respectively. The spin operators are dimensionless and satisfy the commutation relations
[J+, J−] = 2Jz and [J±, Jz] = ∓J±. The Hilbert space of these atomic operators is spanned by symmetric Dicke
states |J,M〉 with M = −J,−J + 1......J − 1, J [37]. The total spin length is given by J = N/2. The Dicke states
are eigenstates of J2 and Jz such that Jz|J,M〉 = M |J,M〉 and J2|J,M〉 = J(J +1)|J,M〉. The lowering and raising
operators act on these states as J±|J,M〉 =
√
J(J + 1)−M(M ± 1)|J,M±1〉. The parameters ωa, ωc, and g0 denote
the atomic transition frequency, cavity mode frequency, and atom-field coupling constant (which is assumed to be
real) respectively. The harmonic time dependence of the cavity mode frequency ωc(t) and the last term, which is
nonlinear in a and a† arise due to harmonic motion of the cavity boundary [1]. A brief derivation of this nonlinear part
of the Hamiltonian is presented in Appendix A. For the purpose of calculations, following earlier works, we assume
that the cavity mode frequency has sinusoidal dependence given by ωc(t) = ω0(1 + ǫ sin(Ωt)) with the unperturbed
frequency ω0, which is set to 1 for simplicity and ǫ and Ω representing the modulation amplitude and the modulation
frequency respectively. Furthermore, note that there are basically two kinds of non-adiabatic processes occurring in
a non-stationary cavity system described by the above Hamiltonian [1]. The first kind is characterized by the a†a
term in which the total number of photons inside the cavity does not change. Such a process is known as the zero-
photon process. On the other hand, the second kind is represented by the terms a†2 and a2 which are responsible for
the generation of squeezed photons from the vacuum state. The last term in the Hamiltonian introduces two-photon
correlation in the cavity mode and in this paper we explore the possibility of transferring this correlation from photons
to atoms via atom-photon interaction. Also, ξ(t) is the effective frequency which is a arbitrary function of time and
is related to ωc(t) as [1]:
ξ(t) =
1
4ωc(t)
dωc(t)
dt
. (2)
Considering the realistic case of small-amplitude time modulation i.e., |ǫ| << 1, one can obtain the following expression
for ξ(t) from eqn.(2):
ξ(t) = 2ξ0 cos(Ωt), (3)
where ξ0 = ǫΩ/8 << 1. Note that for ωc(t) independent of time the coefficient ξ(t) = 0 and the above Hamiltonian
reduces to Tavis-Cummings Hamiltonian [38] which has been extensively studied in the context of cavity-QED.
Having discussed the basic model of multi-atom system coupled to a field mode of a non-stationary cavity we now
briefly describe the squeezing parameter employed in this paper to characterize the atomic squeezing. We note here
that several definitions for the spin or atomic squeezing parameters have been proposed in the literature in different
contexts [17–21]. For example, according to the definition of Kitagawa and Ueda, a state is spin squeezed only if the
variance of one spin component J⊥ normal to the mean spin vector is less than the variance for a Bloch state (J/2)
[17]. In accordance with the definition of Kitagawa and Ueda, spin squeezing parameter ζS is written as [17]:
3ζS =
√
min(∆J2~n⊥)
J/2
=
√
4min(∆J2~n⊥)
N
, (4)
where the subscript ~n⊥ refers to an axis perpendicular to the mean-spin direction ~n0 = 〈 ~J〉/|〈 ~J〉| and the minimization
is over all directions ~n⊥. This parameter is used to quantify the degree of quantum correlations among the elementary
spins. The atomic-squeezing condition in terms of this parameter is given by the condition ζS < 1, i.e., the fluctuation
in one direction is reduced. Indeed, it has a very close relation with quantities such as concurrence [34] and negative
correlations [39]. On the other hand, the squeezing parameter proposed by Wineland et al. [18] was in the context
of Ramsey spectroscopy for the determination of transition frequency and consequently this parameter is also termed
as spectroscopic squeezing. This squeezing parameter is related to the ratio of fluctuations in the measurement
of resonance frequency using an ensemble of atoms in a general atomic state and in a coherent spin state. The
spectroscopic squeezing parameter ζR is given by
ζR =
√
N
min(∆J2~n⊥)
|〈 ~J〉|2
, (5)
These two squeezing parameters are related to each other and it can be seen from their definitions ζ2S ≤ ζ2R. In
this paper we employ both the squeezing parameters mentioned above to characterize the squeezing of property of a
collection of atoms interacting with field mode of a non-stationary cavity. To this end we need to calculate averages
of angular momentum operators and their second-order moments in the combined state |Ψcom(t)〉 of atoms plus field
satisfying time-dependent Schrodinger equation
d|Ψcom(t)〉
dt
= −iH |Ψcom(t)〉. (6)
In order to solve this differential equation we make use of the ansatz
|Ψcom(t)〉 =
∑
n,M
Cn,M (t)|n〉|M〉, (7)
where Cn,M are the time-dependent coefficients and |n〉 represents the number state, which is an eigenstate of
number operator a†a such that a|n〉 = √n|n − 1〉 and a†|n〉 = √n+ 1|n + 1〉. For convenience we use the notation
|M〉 = |J,M〉 since J2 is constant of motion for H given by Eq. (1). We further assume that the radiation mode and
the collection of atoms are initially uncorrelated and the initial state of the atom plus field system can be written as
a direct product
|Ψcom(0)〉 =
(∑
n
cn|n〉
)
⊗ |ψ(0)〉, (8)
where |ψ(0)〉 = |J = N/2,M = −N/2〉 represents the initial atomic state in which all the atoms are occupying
their ground states and the coefficients cn are the projections of initial field state on the number state |n〉. Using
Schrodinger’s equation (Eq. (6)) with Hamiltonian H of Eq.(1) we write the equation of motion for the coefficient
Cn,M as
iC˙n,M (t) = [(1 + ǫ sin(Ωt))n + ωaM ]Cn,M (t)
+ g0
[√
n
√
J(J + 1)−M(M + 1)
]
Cn−1,M+1(t)
+ g0
[√
n+ 1
√
J(J + 1)−M(M − 1)
]
Cn+1,M−1(t)
+ 2iξ0 cos(Ωt)[
√
n+ 1
√
n+ 2]Cn+2,M (t)− 2iξ0 cos(Ωt)[
√
n
√
n− 1]Cn−2,M (t). (9)
We wish to point out that in general the above differential equation cannot be solved analytically due to coupling
of coefficient Cn,M with infinitely many Cn−2,M , Cn−4,M ... and Cn+2,M , Cn+4,M ..... coefficients. Consequently, one
needs to solve these coupled differential equations numerically. To implement the numerical method for practical
reasons it becomes necessary to truncate the number state basis of cavity mode. To this end we choose adequate
number of basis states |n〉 and ensure the convergence of results by increasing the basis size. In the next section we
present and discuss the results obtained by us.
4III. RESULTS AND DISCUSSIONS
We begin this section by presenting the results, which have been obtained by numerically solving Eq.(9) with
N = 20 (J = 10) and considering initially the atomic and the cavity field mode to be in |ψ(0)〉 = |J,−J > and
vacuum state |0〉 (cn = 1 for n = 0 and cn = 0 for n 6= 0) respectively. The results for the evolution of atomic
squeezing parameter ζS(t) and ζR(t) are displayed in Figs. 1(a) and 1(b) respectively for various values of modulation
amplitude ǫ with the modulation frequency fixed at Ω = 2.0. This choice of value of modulation frequency is guided
by the result that maximum number of squeezed photons are created in an ideal empty non-stationary cavity when
the modulation frequency is twice that of unperturbed cavity mode frequency. It can be clearly seen that under this
condition both the atomic squeezing parameters become less than 1 for non-zero values of the modulation amplitude
indicating generation of atomic or spin squeezed state. On the other hand, for ǫ = 0, no atomic squeezing is observed
as both ζS(t) and ζR(t) throughout remain unity. This constitutes the main result of this paper. Moreover, we observe
that the results presented in Figs. 1(a) and 1(b) satisfy the inequality ζ2S ≤ ζ2R. The last term in the Hamiltonian
with a†2 and a2 results in the generation of squeezed state of radiation field from the vacuum state via two-photon
process and the two-photon correlation of squeezed state is transferred to the ensemble of atoms via interaction of
atoms with this cavity field mode. Moreover, from Figs. 1(a) and 1(b), we observe that persistent atomic squeezing,
which lasts for longer time duration is produced under resonant condition (Ω = 2ω0) and the magnitude of squeezing
also increases with the increase in modulation amplitude. This increase in atomic squeezing is attributed to the
enhancement in squeezing characteristic of the cavity field with higher values of modulation amplitude ǫ. Thus,
the modulation amplitude acts as an additional tool for controlling the degree of atomic squeezing generated by
photon-atom interaction in a non-stationary cavity.
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Figure 1: (color online) (a) Plot of squeezing parameter ζS(t) as a function of dimensionless time (t) for four different values
of modulation amplitude with ǫ = 0 (thin solid line), ǫ = 0.05 (thick solid line), ǫ = 0.1 (dot dashed line) and ǫ = 0.15 (dashed
line). (b) Plot of squeezing parameter ζR(t) versus dimensionless time (t) for four different values of modulation amplitude with
ǫ = 0 (thin solid line), ǫ = 0.05 (thick solid line), ǫ = 0.1 (dot dashed line) and ǫ = 0.15 (dashed line). The other parameters
used are g0 = 0.6, Ω = 2 and ωa = 1. We assume |ψ(0) >= |J,−J > (J = 10) and the cavity field to be initially in the vacuum
state.
To get a better insight into the mechanism of the generation of atomic squeezed states via atom-photon interaction in
a non-stationary cavity with oscillating wall, we now focus our attention on a system of two two-level atoms interacting
with a single quantized cavity mode. The time dependent Schrodinger equation with the model Hamiltonian H given
by Eq. (1) for two atoms (N = 2) can be solved analytically under particular value of detuning between the cavity
mode (ω0) and modulation frequency (Ω). Following Refs. [10, 11], we find that for Ω = 2 + δ with δ = ±
√
6g0 and
both the atoms initially in their ground states (|g1|g2〉) and the field mode in vacuum state (|0〉) only four essential
atom plus photon states get coupled and acquire significant probabilities of occupation. Under this condition no more
than two photons can be generated from the initial state mentioned above. Therefore, for this non-resonant condition
the time dependent atom plus photon state for time t > 0 can be written as
|Ψcom(t)〉 = a0(t)eit|0,−1〉+ a2e−it(t)|2,−1〉+ b1(t)e−it|1, 0〉+ d0(t)e−it|0, 1〉 (10)
where as mentioned before state |n,M〉 denote the combined state of photons in number eigenstate |n〉 and the
two-atom system in a collective state |M〉 with M = −1, 0, 1. In terms of the ground (|g1〉, |g2〉) and excited (|e1〉,
|e2〉) states of the individual atoms these states are represented as |0,−1〉 = |0, g1g2〉, |2,−1〉 = |2, g1g2〉, |1, 0〉 =
1/
√
2(|1, g1e2〉 + |1, e1g2〉), and |0, 1〉 = |1, e1e2〉. From the numerical solution of the time-dependent Schrodinger
equation for δ = ±√6g0 we find that all the coefficients except for the four states mentioned in Eq. (10) remain zero
5or negligible thus validating the use of only four states in Eq. (10). Therefore, by considering only the four above
mentioned states in the dynamics of two-atom system, we find from our analysis that four coefficients are given by
(see Appendix B for derivation)
a0(t) = cos
(√
2
3
qt
)
a2(t) =
√
1
3
sin
(√
2
3
qt
)
b1(t) =
√
1
2
sin
(√
2
3
qt
)
d0(t) =
√
1
6
sin
(√
2
3
qt
)
(11)
with q = ǫ (2 + δ) /8. It should be noted here that the non-zero values of the coefficients a0(t) and d0(t) result in
generation of coherent superposition of atomic states |g1g2〉 and |e1e2〉 at time t > 0. To see this more explicitly we
write the atomic density matrix from the combined density matrix ρcom(t) = |Ψcom(t)〉〈Ψcom| by tracing over the
field state as
ρatom(t) =
(|a0(t)|2 + |a2(t)|2) ρ−1−1 + |b1(t)|2ρ00 + |d0(t)|2ρ11 + a0(t)d∗0(t)e2itρ−11 + a∗0(t)d0(t)e−2itρ1−1 (12)
with ρPQ = |P 〉〈Q| and P,Q = 1, 0,−1 denoting atomic density matrices. The last two non-diagonal terms of the
atomic density matrix ρatom(t) arise due to coherent superposition of atomic states |g1g2〉 and |e1e2〉 and these terms
signify the presence of the two-particle correlation in the atomic system. It is well known that presence of such
two-particle correlation is essential for the generation of atomic squeezed states [40–42] and this also makes atomic
squeezing parameter a reliable measure of entanglement [43] for this kind of states. This clearly shows that in the
atom-photon interaction the two-photon correlation of squeezed state is transferred to the collection of atoms thereby
producing correlated atomic states. To verify the generation of atomic squeezed state we calculate all the required
averages of various components of angular momentum in the state given by Eq. (10). First, we find that direction of
〈 ~J〉 does not change with time and it remains aligned along initial z-direction and we obtain following expressions for
〈Jz〉 and 〈J2y 〉.
〈Jz(t)〉 = −
(
1− 5
6
sin2
(√
2
3
qt
))
(13)
〈J2y (t)〉 =
1
2
(
1 +
1
2
sin2
(√
2
3
qt
)
− 2√
6
sin
(√
2
3
qt
)
cos
(√
2
3
qt
)
cos 2t
)
(14)
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Figure 2: (color online) Plot of analytical (dashed line) and numerical (solid line) solution of the squeezing parameter ζyS(t)
versus dimensionless time (t) for ǫ = 0.05, Ω = 2 +
√
6g0 and g0 = 0.5. Here, we assume the atoms (N = 2) to be initially in
their ground states and the cavity field mode in the vacuum state.
6In accordance with the definition of atomic squeezing parameter we calculate the variance of the y-component of
the angular momentum which is normal to the mean spin vector 〈 ~J〉 and the corresponding squeezing parameter is
found to be
ζyS(t) =

1 +
1
2 sin
2
(√
2
3qt
)
− 2√
6
sin
(√
2
3qt
)
cos
(√
2
3qt
)
cos 2t
1− 56 sin2
(√
2
3qt
)

 (15)
To explicitly show that above expression indeed takes value less than unity we plot ζyS(t) given by Eq. (15) as a
function of t in Fig. 2 along with the corresponding results obtained by numerically solving Eq.(24) for comparison. It
can be clearly seen from Fig. 2 that ζyS(t) attains value less than unity in finite interval of time clearly demonstrating
the generation of atomic squeezed states. Moreover, we also observe that the numerical result for atomic squeezing is
quite close to the corresponding result obtained via analytical expression given by Eq. (15). Therefore, we conclude
that the inclusion of only four states mentioned above for the calculation of dynamics of two-atom system in a non-
stationary cavity under the condition Ω = 2+
√
6g0 is quite accurate. It is important to note here that non-zero value
of the coefficients a0(t) and d0(t) is essential for the reduction of fluctuation ζ
y
S . On the other hand, in the absence
of mirror oscillation (ǫ = 0) and for the same initial states of atoms and the field as considered above ζyS(t) always
remains unity signifying absence of spin squeezing [44]. Therefore, our analysis for the two two-level atoms clearly
elucidates that how two-photon correlation from the cavity field mode is transferred to the atoms in the non-stationary
cavity to generate atomic or spin squeezed states.
Before proceeding further we wish to note here that for a two-atom system with δ = 0 (as chosen for the numerical
results presented in Fig. 1) it is not possible to solve the time dependent Schrodinger equation analytically due to
coupling of coefficients with even number of photons leading to infinite set of differential equations. However due to
generation of states with even number of photons (n ≥ 2) it is expected that higher spin squeezing will be generated.
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Figure 3: (color online) (a) Plot of squeezing parameter ζS(t) as a function of dimensionless time (t) for three different values of
modulation amplitude with ǫ = 0 (thin solid line), ǫ = 0.05 (thick solid line) and ǫ = 0.15 (dashed line). (b) Plot of squeezing
parameter ζR(t) versus dimensionless time (t) for three different values of modulation amplitude with ǫ = 0 (thin solid line),
ǫ = 0.05 (thick solid line) and ǫ = 0.15 (dashed line). Here we assume ψ(0) = |J,−J > (J = 10) and the cavity field to be
initially prepared in a coherent state with an average of one quanta. The other parameters used are g0 = 0.6, Ω = 2 and
ωa = 1.
Having discussed the generation of atomic squeezed state in a non-stationary cavity with the field mode initially
in the vacuum state we now consider the case when the cavity mode is initially prepared in a coherent state. In this
connection we mention here that atomic squeezing property of a system of N two-level atoms interacting with a single
radiation mode of a stationary cavity (Tavis-Cummings model), which is initially in a coherent state has already been
reported in Ref. [44]. Thus it would be interesting to investigate the effect of cavity oscillations, which gives rise to
extra non-linear terms in the Hamiltonian, on the squeezing property of atoms with the cavity mode in a coherent
state. For this purpose once again we solve coupled differential equation of Eq. (9) numerically by using Mathematica
9.0. The calculations are carried out for initial atomic state |ψ(0)〉 = |J,−J > with J = 10 and for the field mode in
a coherent state |α〉 (cn = e−|α|2/2αn/
√
n!) with |α| = 1.0. The results of these calculations for ζS(t) and ζR(t) are
shown in Figs. 3(a) and 3(b) respectively, where we plot squeezing parameters as functions of dimensionless time (t)
for three different values of modulation amplitude ǫ: ǫ = 0 (thin solid line), ǫ = 0.05 (thick solid line) and ǫ = 0.15
(dashed line). Note that the result for ǫ = 0 corresponds to the stationary cavity case described by Tavis-Cummings
model. First, we observe that for all the values of ǫ atomic squeezed states are generated in the time range 0 < t < 1.5
by the interaction of atoms with the cavity radiation mode irrespective of the parameter employed for characterizing
7atomic squeezing. The comparison of results for different values of ǫ clearly reveals that within this time range atomic
squeezing characterized by ζS(t) and ζR(t) show very little variation with respect to change in ǫ. On the other hand,
for longer time scales (t > 1.5) two parameters exhibit distinctly different atomic squeezing behavior. For example,
in the longer time scale ζS(t) attains value less than unity signifying generation of atomic squeezing and degree of
squeezing increases with higher values of ǫ. In contrast to this in long time scale ζR(t) remains more than unity
indicating absence of atomic squeezing.
Furthermore, we note here that comparison of results presented in Fig. 1 with the corresponding results in Fig. 3
also shows that for field mode initially prepared in vacuum state atomic squeezing is achieved for significantly longer
time scale as compared to the case when field mode is initially prepared in a coherent state. Consequently, for the
vacuum case unlike normal cavity QED experiment with cavity field in a coherent state the stringent requirement of
the precise control of interaction time for the generation of atomic squeezed state is not necessary [44].
The results discussed above on the generation of atomic squeezed state by DCE can be realized with the help of
practical schemes recently proposed for the generation and detection of DCE photons [13, 14]. As mentioned before
both the schemes have proposed to use the cavities operating in the GHz regime. Therefore, the presence of thermal
photon will affect the results discussed above. In order to reduce the effect of thermal photon on the generation of
squeezed photons the cavity should be cooled below 100 mK. In a realistic cavity-QED system, decay of the cavity
mode will also degrade the degree of field squeezing and this in turn affect the magnitude of atomic squeezing.
However, the loss of photons through the cavity mirrors can be minimized by using a high-Q cavity. For example,
it has been shown in Ref. [13] that using a semiconductor plasma mirror [45] with Q of the order 103 it is possible
to achieve the so-called threshold condition for generation of squeezed photons. Therefore, we expect that a beam
of Rydberg atoms interacting with the field mode of this cavity will be able to produce significant amount of atomic
squeezing. Finally, the atomic squeezed states generated in the non-stationary cavity can be experimentally detected
by performing measurement of atomic state population using Ramsey separated field method on the Rydberg atoms
[19].
IV. CONCLUSION
In this paper we have studied the effect of periodic time modulation of cavity frequency on the generation of
atomic or spin squeezed states. For this purpose we consider a system of N two-level atoms interacting with a single
radiation mode of a non-stationary cavity with harmonically vibrating wall. We demonstrate that by modulating
the cavity mode it is possible to generate atomic squeezed state by allowing an ensemble of atoms prepared in their
ground states to interact with the cavity mode initially in vacuum state. In the absence of modulation, no atomic
squeezing is observed. Like squeezed photon generation by DCE the efficient generation of atomic squeezed states
occurs when modulation frequency of the cavity mode is twice its own frequency. By studying a simpler system of two
two-level atoms confined in a non-stationary cavity we explicitly show that atomic squeezing arises due to generation
of coherent superposition of atomic states by transfer of two-photon correlation from field mode to the atoms. For this
two-atom system we also derive analytical expression for atomic squeezing for a particular value of detuning between
the modulation frequency and the cavity mode by considering dynamics of few essential states. We also study the
effect of modulation on the generation of atomic squeezed state for the case in which the cavity mode is initially
prepared in a coherent state. Our study clearly reveals that for the cavity mode initially prepared in vacuum state the
degree of atomic squeezing increases with the increase in modulation amplitude. Therefore, modulation amplitude
acts as an additional handle for controlling the squeezing of spins.
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VI. APPENDIX A
In general, a single-mode quantized cavity field is equivalent to a harmonic oscillator of unit mass such that its
time-dependent Hamiltonian becomes:
8Hc =
1
2
(ω2c (t)Q
2 + P 2), (16)
where, Q and P are hermitian operators and play the role of canonical position and momentum respectively such
that [Q,P ] = i. Here, ωc(t) represents the time-dependent cavity frequency. The operators Q and P can be written
in terms of creation (a†) and annihilation (a) operators as:
Q =
1√
2ωc(t)
(a+ a†), (17)
P = i
√
ωc(t)
2
(a† − a), (18)
where the operators a and a† satisfy the commutation relation [a, a†] = 1. As a result, the equations of motion for
a and a† take the following form:
a˙ = −iωc(t)a+ 1
2ωc(t)
dωc(t)
dt
a†, (19)
a˙† = iωc(t)a† +
1
2ωc(t)
dωc(t)
dt
a. (20)
Thus, both the equations for a and a† are coupled to each other. Therefore, the form of Hamiltonian in terms of a
and a† correctly generating the above equations of motion (19) and (20) can be written as:
Hc = ωc(t)a
†a+ iξ(t)(a†2 − a2), (21)
where ξ(t) = 14ωc(t)
dωc(t)
dt . This last term in the above Hamiltonian is responsible for parametric amplification which
helps in generating the squeezed states of the optical cavity field [46].
VII. APPENDIX B
In this Appendix we present derivation of Eq. (11). For this purpose we first go to the interaction picture
by transforming |Ψcom(t)]〉 = exp[−itΩ/2(a†a + Jz)]|Φ(t)〉. Under this transformation and by using rotating wave
approximation, we get the following expression for the transformed Hamiltonian from Eq. (1):
H = (∆− δ/2)Jz − δ/2a†a+ g0
(
aJ+ + a
†J−
)
+ iq(a†2 − a2). (22)
where ∆ = ωa−ω0, δ = Ω/2−ω0, and q = ǫ (2 + δ) /8. For further analysis we choose ω0 = 1. The above Hamiltonian
has been obtained for ǫ << 1. We now use the above Hamiltonian for a two-atom system whose state space is spanned
by the states |J,M〉 with J = 1 and M = −1, 0, 1. For this system we expand the wave function |Φ(t)〉 as (for ∆ = 0)
|Φ(t)〉 =
∞∑
n=0
eintδ/2
(
an(t)e
−itδ/2|n,−1〉+ bn(t)|n, 0〉+ dn(t)eitδ/2|n, 1〉
)
(23)
where |n,M〉 denotes the combined state of n photons and the two-atom system in collective state |M〉. For notational
convenience we denote collective atomic state |J,M〉 by just |M〉. By substituting |Φ(t)〉 given by Eq. (23) in time-
dependent Schrodinger equation we arrive at following equations for the coefficients:
a˙n(t) = −ig0
√
2nbn−1(t) + q
(√
n(n− 1)e−iδtan−2(t)−
√
(n+ 1)(n+ 2)an+2(t)e
iδt
)
b˙n−1(t) = −ig0
√
2nan(t)− ig0
√
2(n− 1)dn−2(t) + q
(√
(n− 1)(n− 2)e−iδtbn−3(t)−
√
n(n+ 1)bn+1(t)e
iδt
)
d˙n−2(t) = −ig0
√
2(n− 1)bn−1(t) + q
(√
(n− 2)(n− 3)e−iδtdn−4(t)−
√
n(n+ 1)dn(t)e
iδt
)
(24)
9In order to solve these coupled differential equations we adopt the method used in Refs. [9–11] in the weak modulation
limit defined by ǫ << g. In accordance with this method we first solve the above equations for q = 0 (stationary
cavity case) and get
bn−1(t) = Ane−iΩnt +BneiΩnt
an(t) =
g0
√
2n
Ωn
(
Ane
−iΩnt −BneiΩnt − Cn
)
dn−2(t) =
g0
√
2(n− 1)
Ωn
(
Ane
−iΩnt −BneiΩnt + n
n− 1Cn
)
(25)
where Ωn = g0
√
2(2n− 1) and the constants An,Bn, Cn are determined by initial conditions. For q 6= 0, the solutions
given by Eq. (25) are once again substituted into Eq. (24) assuming that the coefficients An,Bn, and Cn are slowly
varying function of time to obtain differential equations for these coefficients. It is easy to check that for specific
values of detuning δ some of these coefficients are multiplied by exponential factors with arguments larger than q
and these terms are neglected by invoking rotating wave approximation. On the other hand, coefficients, which are
multiplied by time independent factors are retained to obtain simplified effective dynamics. We find that for initial
state |Ψcom(0)〉 = |0,−1〉 = |0, g1g2〉 and δ = g0
√
6 at most two photons can be created. Under this condition the
coefficient a0(t) associated with the initial state mentioned above satisfy following coupled differential equations
a˙0(t) = −q
√
4
3
A2(t)
A˙2(t) = q
√
1
3
a0(t) (26)
and the non-zero coefficients (terms of the order of (ǫ/g0)
2 are neglected) are obtained via following relations:
a2(t) =
√
2
3
A2(t)
b1(t) = A2(t)
d0(t) =
√
1
3
A2(t) (27)
Using Eqs. (26) and (27) we obtain the solution given by Eq. (11).
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